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As data collected from different sources have multiple representations, multi-view learning
has become an important paradigm of machine learning. To exploit multi-view data, pre-
vious works either tackle each view separately or concatenate all views directly, such that
the distinctions as well as correlations of different views are often ignored. Furthermore,
existing models usually involve intractable parameters that need to be manually deter-
mined to balance the contributions of different views, degrading the efficiency and appli-
cability of models. In this paper, a novel multi-view learning framework, namely Robust
Multi-view learning via Adaptive Regression (RMAR), is derived to discriminate diverse
views in a self-supervised weighting manner without extra parameters. Meanwhile,
RMAR coalesces multiple feature projections with adaptive view-wise weights and adopts
L2;1-norm regression loss to learn a joint projection subspace compatible across all views,
not only increasing the robustness of model but also preserving the consistency and diver-
sity among views. Furthermore, RMAR can be naturally extended for feature selection by
imposing L2;1-norm constraint on feature projections. Additionally, an efficient convergent
algorithm is developed to solve RMAR. Extensive experiments have been performed to val-
idate the effectiveness of RMAR for classification and feature selection and show its supe-
riority over state-of-the-arts.

� 2022 Elsevier Inc. All rights reserved.
1. Introduction

With the rapid proliferation of information sciences, data with heterogeneous feature representations may be easily
acquired from diverse information channels or generated by various feature extractors. This kind of data is called multi-
view data, which has become widely available in many real applications of machine learning and data mining. For example,
images as the most common multi-view data can be depicted by wavelet, color, shape and direction features, in which each
feature representation corresponds to a view [1]. The particular characteristics of multi-view data that each view contains
specific statistical information while multiple views are mutually complementary or partly independent have put forward
new requirements for multi-view learning, receiving much attention [2–8].
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The main challenge of multi-view learning is how to appropriately handle multi-view data and thereby take full advan-
tage of the information from different views to improve learning performance. During the past decade, many efforts have
been made to tackle this problem [9–12]. The straightforward approach is to transform the problem to a single-view version,
where the features from multiple views are concatenated as a whole and imported into a single-view model. However, fea-
tures of some views might be high-dimensional or noisier than others, which means that ignoring the distinctions of differ-
ent views and directly concatenating them cannot guarantee promising performance and even suffer from over-fitting with
the small size of data. To employ the consensus of different views, some multi-view learning methods are designed to learn a
subspace shared by various views, such as the multi-view uncorrelated linear discriminant analysis [13], and the multi-view
discriminant analysis [14,15]. Despite making some progress, these methods require principal component analysis (PCA) to
preprocess the original features and empirically determine suitable PCA dimensions, restricting the applicability in real
world problems. Meanwhile, they do not take into account the quality diversity of different views and treat each view
equally. Consequently, the low-quality views could adversely impact overall performance [16].

Benefiting from least square regression (LSR)[17], regression-based multi-view learning has received considerable atten-
tion in recent years [9,10,18–20]. Practically, Tao et al. [9] proposed a multi-view adaptive regression method to learn a clas-
sifier on each view and allocate view-wise weights to discriminate different views. Another method uses a unified regression
target to learn multiple view-specific classifiers and incorporates these classifiers to enhance the consensus among views
[18]. These methods tackle each view separately and mainly focus on the diversity among views, ignoring the correlation
across diverse views. Meanwhile, they either employ regularization terms or weight factors to balance different views. Con-
sequently, the associated parameters are inevitably introduced to control the distribution of weights. Considering that how
to tactfully determine the parameters related to weight or regularization is challenging due to the lack of practical interpre-
tations. Thus, these methods have to manually search them in a wide range, degrading the time efficiency of models.
Recently, several researches [21,22] discard the weights for distinguishing different views and exploit the dependence
between different views to improve multi-view classification. Although the weight-related parameter or regularization
can be avoided, these methods tend to treat all views equally, which impairs the ability of model in discriminating different
views. To discriminate different views, Yang et al. [10] proposed to employ the square root form of view weight factor, which
can be adaptively solved by Cauchy inequality theory. Despite avoiding the weight-related parameter, this method lacks a
reasonable explanation for why the view-wise feature projections can be used to update the weight factors, and it also fails
to completely remove the adverse impact of low-quality views.

Apart from the diversity of data sources, multi-view data are often high-dimensional, such that directly using multiple
view features will demand expensive computation and storage costs. Moreover, the original feature space inevitably con-
tains several irrelevant and noisy dimensions that could adversely affect the subsequent learning process [23–28]. Therefore,
multi-view feature selection that obtains a discriminative feature subset from heterogeneous feature representations is crit-
ical in developing robust methods for multi-view learning. To find relevant features from multiple feature representations,
the simplest way is to concatenate multiple features straightforward, then invoke single-view feature selection, in which the
sparse regression-based methods have been extensively investigated. Representative methods include robust feature selec-
tion [29] and re-scaled linear square regression [30], which learn a feature projection and evaluate the importance of fea-
tures simultaneously. However, this feature concatenation manner is prone to neglecting the difference and correlation
among views. Recent works have noticed this issue and made some progress to balance different views [31–34]. To guaran-
tee that each viewmakes a specific contribution for feature selection, Li et al. [31] introduced a regularization term to control
the view weight distribution. Shi et al. [32] proposed to explore the similarity structure within each view and select features
based on the linear fusion of multiple structure. Hou et al. proposed to learn the similarity structure in the view-specific sub-
spaces and used a view weight vector to balance the effectiveness of different views. Zhong et al. [35] utilized the weighted
regression loss on each view to update view weights. However, these multi-view feature selection methods inevitably
involve the weight-related parameters or regularization terms. Recently, Zhang et al. [36] exploited the latent label repre-
sentation and multiple similarity structure to perform feature selection, which uses predetermined parameter to smoothen
the weight distribution. In addition to manually tuning the weight-related or regularization-related parameters, these meth-
ods are still unable to comprehensively exploit different views. Specifically, the methods in [31,36] focus on the similarity
structure of data but neglect the distinctions as well as correlations between the view-wise feature projections, since they
treat each projection equally and directly concatenate them to select features.

Motivated by the aforementioned issues, this paper proposes a Robust Multi-view learning via Adaptive Regression
(RMAR) method. The main contributions of our work are summarized as follows:

� We address the multi-view learning problem with a novel linear regression-based framework, which can effectively dis-
criminate and fuse the feature representations collected from different views via a self-supervised weighting manner,
avoiding extra weight-related parameters.

� We design a robust multi-view learning method based on the presented framework, which adopts L2;1-norm loss function
to learn a joint weighted projection subspace across all views that preserves the correlation and diversity among views,
naturally reducing the impact of noises and simultaneously facilitating subsequent classification.

� We further extend RMAR to perform multi-view feature learning, in which L2;1-norm constraint is imposed on feature
projections, making the projection matrices to be row-sparse and serve for feature selection.
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� An efficient optimization strategy with significant convergence speed is provided to solve RMAR and its feature selection
extension. Extensive experiments are conducted to validate the effectiveness and superiority of RMAR on both multi-view
classification and feature selection tasks.

The remainder of this paper is organized as follows. We first provide the background in Section 2 and present the pro-
posed multi-view learning method in Section 3. Then, we extend the proposed method for feature selection in Section 4.
In Section 5, we report the experiments on multi-view classification and feature selection. Finally, we conclude the paper
in Section 6.

2. Notations and related works

This section first introduces some notations and definitions used in the paper, then reviews some representative works
that are closely related to our research.

2.1. Notations

In this paper, vectors and matrices are written in bold with lowercase and uppercase letters, respectively. �k k2 denotes the
L2-norm of a vector, �k kF denotes Frobenius norm (F-norm) of a matrix, and �k k2;1 is the matrix L2;1-norm. For simplicity, the
notations throughout the paper are listed in Table 1.

2.2. Linear regression-based classification methods

Firstly, we will revisit four linear regression-based classification methods, of which the first one is the Discriminative
Least Squares Regression (DLSR) [37] that is widely referred in this domain, the second one is the Multi-view Classification
via Adaptive Regression (MVAR) [9] that tunes the view-wise weight with an exponential parameter, the third one is the
Adaptive-weighting Discriminative Regression (AWDR) [10] that adaptively assigns weights for different views, and the
fourth one is the Multi-view Classification With Cohesion and Diversity (MCCD) [21] that is recently proposed and excellent
method.

2.2.1. DLSR
Discriminative Least Squares Regression (DLSR) [37] is a well-known method, formulated as:
min
W ;b;M

Xn
i¼1

XTW þ 1nb
T � Y � B�M

��� ���2
F
þ k Wk k2F ; ð1Þ
where B is a constant matrix generated from the regression target Y ;� denotes the Hadamard product operator. Via intro-
ducing the non-negative adjustment matrix M, DLSR could enlarge the distance between different classes.

2.2.2. MVAR
Multi-view Classification via Adaptive Regression (MVAR) [9] individually learns the bias vector and projection matrix on

each view as the view-specific classifier. To balance the influence of classifier learned from each view, it assigns a weight
Table 1
Notations.

Notations Descriptions

n Number of data samples
c Number of classes
V Number of views
d Feature dimensionality of all V views
dv Feature dimensionality of the v-th view
av Weight of the v-th view

1n 2 Rn�1 A column vector with all 1

In 2 Rn�n The identity matrix

X 2 Rd�n The training data set

Xv 2 Rdv�n The training data set represented by the v-th view

xvi 2 Rdv�1 The i-th sample in Xv

yi 2 Rc�1 Label vector of xi
Y 2 Rn�c Label matrix of X
T 2 Rn�c The regression target
M 2 Rn�c The non-negative adjustment matrix

Wv 2 Rdv�c Feature projection matrix of the v-th viewfW 2 Rd�c Joint weighted projection matrix across all V views

918



B. Jiang, J. Xiang, X. Wu et al. Information Sciences 610 (2022) 916–937
factor for each view, then utilizes the extra parameter c > 1 to control the weight distribution, whose optimization objective
is:
min
Wv ;bv ;av

XV
v¼1

acv
Xn
i¼1

si WT
vx

v
i þ bv � yi

��� ���
2
þ kv Wvk k2F

 !

s:t:
XV
v¼1

av ¼ 1;av P 0;

ð2Þ
where kv > 0 is the regularization parameter, and si is manually assigned with different values to distinguish the importance
of the corresponding sample. In MVAR, the value of the exponential parameter c is searched in a wide range.

2.2.3. AWDR
Adaptive-weighting Discriminative Regression (AWDR) [10] introduces the discriminative regression target into the

multi-view scenario and fuses different views with the square root form of view weight av to learn a unified subspace.
Specifically, the objective function of AWDR is:
min
Wv ;b;av

Xn
i¼1

XV
v¼1

ffiffiffiffiffiffi
av

p
WT

vx
v
i þ b� ri

�����
�����
2

2

þ k
XV
v¼1

Wvk k2F

s:t:
XV
v¼1

av ¼ 1;av > 0

ð3Þ
where ri denotes the regression target which is a simple variant of that in DLSR [37]. To ensure the optimization efficiency of
AWDR, the view-wise weight

ffiffiffiffiffiffi
av

p
can be merged into the associated feature projection matrix Wv .

2.2.4. MCCD
Multi-view Classification With Cohesion and Diversity (MCCD) [21] designs a cohesion-increasing loss term and a

diversity-promoting regularization to explicitly exploit the consensus and complementarity among views, which is formu-
lated as:
min
Wv ;bv ;miP0

XV
v¼1

Xn
i¼1

WT
vx

v
i þ bv � yi � ti �mi

��� ���
2

þc1
XV
v¼1

Wvk k2F þ c2
X
v<u

HSIC XvWv ;XuWuð Þ
ð4Þ
where mi is a learnable label-adjusting vector, c1 and c2 are the regularization parameters. MCCD uses the Hilbert–Schmidt
independence criterion (HSIC) to minimize the dependence between different projected subspaces. Specifically,
HSIC XvWv ;XuWuð Þ ¼ Tr HKvHKuð Þ measures the dependence between the v-th view and the u-th view, where
H ¼ I � 1=nð Þ11T 2 Rn�n and Kv ¼ XvWv XvWvð ÞT denotes the linear kernel for HSIC.

2.3. Linear regression-based feature selection methods

Recently, linear regression equipped with sparse regularization has also been widely investigated in feature selection.
Here, three related feature selection methods are introduced, which aim at learning a sparse feature projection matrix
and ranking features using the learned projection matrix.

2.3.1. RLSR
Re-scaled Linear Square Regression (RLSR)[30] is a single-view feature selection method, which extends the LSR by asso-

ciating each feature with a scale factor to measure their importance. The objective function of RLSR is:
min
W ;b;hT1¼1;hjP0

XTHW þ 1nb
T � Y

��� ���2
F
þ k Wk k2F : ð5Þ
whereH is a diagonal matrix with the j-th diagonal elementHjj ¼
ffiffiffiffi
hj

p
. With the scale factors h ¼ h1; � � � ; hd½ �T , RLSR provides a

theoretical explanation for why the feature projection matrix can be used to rank features.

2.3.2. WMFS
Weighted Multi-view Feature Selection (WMFS)[35] separately imposes a regression loss on each view and combines

them using the exponential form of view-specific weights, whose optimization objective is:
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min
W;av

XV
v¼1

acv XT
vWv � Y

��� ���2
F
þ k
XV
i¼v

Wvk k2;1 þ b Wk kG2;1

s:t:
XV
v¼1

av ¼ 1;av P 0;

ð6Þ
where c > 1 and W ¼ W1; � � � ;WV½ �T . Due to Wk kG2;1
¼PV

i¼v Wvk kF , WMFS can be optimized by iteratively solving V

subproblems.

2.3.3. MSFS
Multi-view Sparse Feature Selection (MSFS) [36] jointly employs latent label, local structures of different views, and least

regression model with the L2;1-norm and squared F-norm constrains to perform hierarchical feature selection, whose objec-
tive function is written as:
min
W;Ŷ ;B

Y � ŶB
��� ���2

F
þ b XTW � Ŷ
��� ���2

F
þ k Wk k2;1

þs
XV
i¼v

Wvk kF þ f
XV
v¼1

acvTr ŶTLv Ŷ
� �

;

ð7Þ
where Ŷ denotes the latent label matrix, and B is the coefficient matrix. The view-specific weight factor av v ¼ 1; � � � ;Vð Þ
measures the contributions of different views when exploiting their local structures preserved by the graph Laplacian Lv .
To constrain the distribution of av ; c is manually set to 2.

2.3.4. ASVW
Multi-view feature selection with adaptive similarity and view weight (ASVW) [34] is an unsupervised method. ASVW

learns the similarity structures in the projection subspaces and uses the L2;p-norm constraint (0 < p 6 1) to ensure the spar-
sity of projection matrix, whose optimization objective is:
min
Wv ;S;av

XV
v¼1

Xn
i¼1

Xn
j¼1

ac1v WT
vx

v
i �WT

vx
v
j

��� ���2
2
sij
� �c2 þ k

XV
v¼1

Wvk kp2;p

s:t:WT
vWv ¼ Irv ;

XV
v¼1

av ¼ 1;av P 0;
Xn
j¼1

sij ¼ 1; sij P 0; sik k0 ¼ k:

ð8Þ
Here, S denotes the similarity matrix, in which sij measures the similarity between the v-th view data xvi and xvj . rv is the
reduced dimensionality of Wv , and c1 > 1 is the weight-related parameter to avoid the trivial solution of av . sik k0 ¼ k
denotes the L0-norm of si, in which si denotes the i-th row of S, and k is the number of nearby neighbors.

3. The proposed method

3.1. Multi-view learning formulation

Recently, a novel linear weighted model is widely adopted to solve multi-view problems [38,39], which is formulated as:
min
/vP0;1T/¼1

XV
v¼1

/h
v‘ f vð Þ þ kX f vð Þ; ð9Þ
where /v and f v denote the weight factor and the problem-specific learning model of the v-th view, respectively. ‘ �ð Þ is the
loss function, k is a trade-off parameter, and X �ð Þ is the regularization term. To avoid the trivial solution and control the dis-
tribution of /vf gVv¼1, Eq. (9) resorts to a weight-related parameter h that should be adjusted manually in the experiment. Con-
sidering that h has no practical interpretations, how to tactfully determine it is still challengeable. By combining different
learning models, regularization terms and loss functions, the multi-view fusion model in Eq. (9) can be implemented in
diverse ways.

This paper adopts the linear regression model, which is widely used in many applications due to its effectiveness and the-
ory completeness, then the multi-view model of Eq. (9) is further materialized as:
min
Wv ;bv ;/

Xn
i¼1

XV
v¼1

/h
v WT

vx
v
i þ bv � ti

��� ���2
2
þ k
XV
v¼1

Wvk k2F

s:t: /v P 0;1T
/ ¼ 1;

ð10Þ
920
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where ti 2 Rc�1 is the regression target. For simplicity, we add an extra dimension to each xvi with the constant value 1, then
the view-wise bias bv can be absorbed into the projection Wv correspondingly. The formulation becomes:
min
Wv ;/vP0;1T/¼1

Xn
i¼1

XV
v¼1

/h
v WT

vx
v
i � ti

��� ���2
2
þ k
XV
v¼1

Wvk k2F : ð11Þ
With fixed Wv and /, the latent mapping relation between the regression target ti and WT
vx

v
i

n oV

v¼1
can be derived by set-

ting the derivation of Eq. (11) with respect to (w.r.t.) ti to be zero:
XV
v¼1

/h
v ti �WT

vx
v
i

� �
¼ 0 )

ti ¼
XV
v¼1

avWT
vx

v
i

av ¼ /h
v=
XV
v¼1

/h
v

8>>>><>>>>: ; ð12Þ
where av can be viewed as the non-negative weight factor for the v-th view, and
PV

v¼1av ¼ 1. In Eq. (12), the regression tar-

get ti is represented as a linear weighted combination of WT
vx

v
i

n oV

v¼1
learned from different view features. Consider that this

linear combination may be overstrict to fit the mapping relation between ti and WT
vx

v
i , we relax this relation and introduce a

flexible regression residue (i.e., ti �
PV

v¼1avW
T
vx

v
i ) to model the mismatch between them. Thus the multi-view model in Eq.

(9) is transformed into:
min
Wv ;avP0;1Ta¼1

XV
v¼1

avXT
vWv � T

�����
�����
2

F

þ k
XV
v¼1

Wvk k2F ; ð13Þ
where T ¼ t1; � � � ; tn½ �T 2 Rn�c . To increase the robustness against outliers, the L2;1-norm is used to replace the square of F-

norm. Since the outliers have less importance in the residue ti �WT
vx

v
i

��� ���
2
than those of ti �WT

vx
v
i

��� ���2
2
, thus the impact of

outliers could be reduced by L2;1-norm based regression loss [40]. For classification problems, the regression target ti can

be the label vector yi ¼ �1; . . . ;�1;1;�1; . . . ;�1½ �T , in which the k-th element is 1 if the corresponding sample belongs to
the k-th class, and �1 otherwise. However, the elements in yi are 1 or �1, making Eq. (13) usually penalize the samples
far away from the boundary. To prevent this incorrect penalization, we associate each label vector yi with a non-negative
e-dragging variable mi and reformulate ti as yi þ yi �mi. Based on the above analysis, the objective function of our proposed
robust multi-view learning is depicted as:
min
Wv ;M;a

XV
v¼1

avXT
vWv � T

�����
�����
2;1

þ k
XV
v¼1

Wvk k2F

s:t: av P 0;1Ta ¼ 1;M P 0;

ð14Þ
where a ¼ a1; � � � ;aV½ � is a weight vector to balance different views, M ¼ m1;m2; . . . ;mn½ �T 2 Rn�c denotes the e-dragging
matrix, and T ¼ Y þ Y �M. Since the elements in Y are either 1 or �1, the introduced adjustment matrix M could amplify
the discrimination of feature projection subspaces through widening the distance between different classes. Fig. 1 illustrates
the e-dragging technique [37], where the penalization on the samples that are classified correctly could be avoided and the
distance between different classes is also enlarged.

The proposed multi-view learning framework discriminately fuses the view-wise projection subspaces XT
vWv

n oV

v¼1
to fit

the regression target T and allows it to be away from the convex hull of XT
vWv

n oV

v¼1
. Different from previous works that uti-

lize a parameter that needs to be manually tuned to constrain the weight distribution, RMAR weights the projection sub-
space of each view based on the contribution to objective function and learns the view-wise projections as well as their
corresponding weights interactively by modeling regression residue between T and

PV
v¼1avX

T
vWv . Specifically, the view-

wise weight av depends on the discrepancies between T and XT
vWv straightforward, by which none of single-view projection

subspace can outperform others obviously. Therefore, RMAR actively releases the model from the weight-related parameter
h. Furthermore, the consistency and diversity of different views could be taken into the consideration with the aid of adaptive
view-wise weights avf gVv¼1. The schematic illustration of RMAR is shown in Fig. 2. Noting that, the objective function of
RMAR is difficult to be directly optimized such that we exploit the iterative optimization strategy that alternately solves each
variable with fixed others.
921



Fig. 1. Illustration of the e-dragging technique in the supervised classification.

Fig. 2. Schematic illustration of the proposed multi-view learning framework.
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3.2. Optimization procedure

� Fix M and a, and optimize Wv : When M and a are fixed except Wv , we can merge the view-wise weight av into its

associated feature projection Wv as avWv ¼ fW v , in which fW v denotes the weighted feature projection of the v-th view,
such that the comprehensive information from diverse views can be naturally fused into their corresponding weighted fea-
ture projections. Accordingly, Eq. (14) is rewritten by:
min
Wv

XTfW � T
��� ���

2;1
þ kTr fW TA�1fW� �

; ð15Þ
where A ¼ diag a2
1; � � � ;a2

1;a2
2; � � � ;a2

2; � � � ;a2
V ; � � � ;a2

V

� �
is a diagonal matrix with each a2

v (v ¼ 1;2; � � � ;V) repeating dv times,fW ¼ a1W1; . . . ;aVWV½ �T denotes the joint weighted projection matrix across all V views. Different from existing methods
that process each view separately or concatenate the features from different views indiscriminately, Eq. (15) utilizes the
adaptive view-wise weights to balance different views and merges them to obtain the joint weighted projection subspace

XTfW , which fully takes into account the consistency and diversity among multiple views, positively facilitating subsequent
tasks.

With fixed avf gVv¼1, solving the view-wise feature projection matrices Wvf gVv¼1 is equivalent to solving the joint projectionfW . Naturally, we can consider the derivative of Eq. (15) w.r.t. fW and set it to be zero, thereby solving the optimization prob-

lem. First, we need to calculate the derivative of XTfW � T
��� ���

2;1
w.r.t. fW . According to the definition of L2;1-norm constraint,

this derivative can be obtained by the chain rule:
922
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@ XTfW � T
��� ���

2;1

@fW ¼ 2XQ�1 XTfW � T
� �

; ð16Þ
where Q is a diagonal matrix with the i-th diagonal element qii ¼ 2kfW Txi � tik2. Finally, we can derive the optimal solution

of fW as follows:
XQ�1 XTfW � T
� �

þ kA�1fW ¼ 0 ð17Þ

) fW ¼
XQ�1XT þ kA�1
� ��1

XQ�1T; if d < n

AX XTAX þ kQ
� ��1

T; otherwise

8><>: : ð18Þ
Since Q is computed by fW , so we can iteratively solve fW and Q . With the optimal solution of fW , the v-th view projection

Wv can be calculated as 1
av
fW v .

� Fix Wv and a, and optimize M: When Wv and a are fixed except M, we turn to solve the following problem:
min
MP0

R� Y �Mk k2;1; ð19Þ
where R ¼PV
v¼1avX

T
vWv � Y . Based on the property of L2;1-norm, the row vectors of M (i.e., mi) are independent with each

other, so that Eq. (19) can be solved separately for each row mi as follows:
min
mijP0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXc
j¼1

Rij � Yijmij
� �2vuut ; ð20Þ
where Rij;Yij and mij are the i-th row and j-th components of R;Y and M. Since
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPc

j¼1 Rij � Yijmij
� �2q

have the same mono-

tonicity with
Pc

j¼1 Rij � Yijmij
� �2, thus Eq. (20) can be solved by minimizing

Pc
j¼1 Rij � Yijmij
� �2. Due to Yij ¼ �1, we can infer

Rij � Yijmij
� �2 ¼ YijRij �mij

� �2. Accordingly, it can be verified that the optimal solution of M is:
M ¼ max Y � R;0ð Þ: ð21Þ

� Fix Wv and M, Update a: When variables are fixed except a, Eq. (14) is transformed into:
min
a

kT �
XV
v¼1

avPvk2;1; s:t: av P 0;1Ta ¼ 1; ð22Þ
where Pv ¼ XT
vWv is the projection subspace of the v-th view. As a constrained optimization problem, Eq. (22) can be solved

by various methods. For efficiency, we adopt the Augmented Lagrange Multiplier (ALM) method in this paper, which can
converge linearly to the optimal solution under some rather general conditions [41]. Specifically, let one auxiliary variable

E ¼ T �PV
v¼1avPv , and Eq. (22) is transformed into the following equivalent ALM problem:
min
a;E

kEk2;1 þ l
2 kE � T þ

XV
v¼1

avPv þ K1
l k2F

s:t: av P 0;1Ta ¼ 1;

ð23Þ
where K1 2 Rn�c is the Lagrange multiplier, and l > 0 is a penalty parameter. Eq. (23) can be optimized by alternately solving
a and E and finally updating K1 and l. The solution steps are as follows:

Step 1. Update E: Denoting C ¼ T �PV
v¼1avPv � K1

l , thus Eq. (23) becomes the following minimization problem:
min
E

kEk2;1 þ
l
2
kE � Ck2F : ð24Þ
The problem in Eq. (24) is convex with a closed-form solution, which can be solved via the following lemma.

Lemma 1. [40]. Let S be a given matrix. For any d > 0, if the optimal solution of
min
Z

dkZk2;1 þ
1
2
kZ � Sk2F ; ð25Þ
is Z	, then the i-th column of Z	 (i.e., z	i ) is solved by:
z	i ¼
ksik2�d
ksik2 si; if ksik2 > d;

0 otherwise;

(
ð26Þ
923



B. Jiang, J. Xiang, X. Wu et al. Information Sciences 610 (2022) 916–937
where si is the i-th column of S.
Thus, let d ¼ 1

l, then the optimal solution of E is:
ei ¼
1� 1

lkcik2

� �
ci; if kcik2 > 1

l ;

0 otherwise;

(
ð27Þ
where ei and ci are the i-th columns of E and C, respectively.
Step 2. Update a: Denoting H ¼ E � T þ K1

l , the optimization problem in Eq. (23) becomes:
min
a

kH þ
XV
v¼1

avPvk2F ; s:t: av P 0;1Ta ¼ 1: ð28Þ
To solve the above optimization problem, H and Pv are expanded into the vector forms h = vec(H) 2 Rnc�1 and vec
(Pv )2 Rnc�1. Then, Eq. (29) is also reformulated to a compact vector form as:
min
aP0;1Ta¼1

kh� Pak22; ð29Þ
where P=[vec(P1),� � �,vec(PV )]2 Rnc�V . Eq. (29) is equivalent to the following minimization problem:
min
aP0;aT1¼1

aTPTPa� 2aTPTh: ð30Þ
Due to the semi-definite PTP, Eq. (30) is a standard quadratic programming problem, which can be solved efficiently by
the ALM method. In this way, the optimal a is learned adaptively.

Step 3. Update K1 and l: In each iteration, the Lagrange multiplier K1 and penalty parameter l are respectively updated as
follows:
K1 ¼ K1 þ l E � T þ
XV
v¼1

avPv

 !
l ¼ min ql;lmax

� �
;

ð31Þ
where 1 < q < 2 and lmax are constants. The steps to solve Eq. (22) are outlined in Algorithm1.

Algorithm1: Solving Eq. (22) by ALM method

Input: Regression target T , projection subspaces Pvf gVv¼1.
1: Initialize l;K1;lmax;1 < q < 2.
2: repeat
3: Update E by using Eq. (27);
4: Update a by solving Eq. (30);
5: Update K1 and l by using Eq. (31);
6: until Convergence
Output: The optimal weight factor a.

By iteratively optimizing all variables according to the above procedures, the optimal solution of fW can be obtained. Then

the multi-view data Xnew ¼ X1
new; � � � ;XV

new

h i
can be projected by the joint projection fW ¼ a1W1; . . . ;aVWV½ �T as the linear

combination of multiple projection subspaces, i.e., XT
new
fW , which could be directly employed for existing classifiers (e.g.,

k-NN). The whole pipeline for solving Eq. (14) is summarized in Algorithm2.

Algorithm2: The algorithm of RMAR.

Input: The multi-view data X ¼ X1; � � � ;XV½ �T with the label matrix Y and the parameter k.
1: Initialize M ¼ 0;av ¼ 1

V v ¼ 1; � � � ;Vð Þ.
2:repeat

3: Update fW by using Eq. (18);
4: Update M by using Eq. (21);
5: Update a Algorithm1;
6: until the objective function of Eq. (15) converges

Output: The joint feature projection fW and the weight a.
924



B. Jiang, J. Xiang, X. Wu et al. Information Sciences 610 (2022) 916–937
3.3. Convergence analysis

The variables in RMAR are alternately optimized, since the objective function in Eq. (15) is not jointly convex w.r.t. all
variables. Therefore, it is necessary to prove that the optimization procedures described in Algorithm2 can monotonically

decrease objective function value in each iteration until convergence. For simplicity, f fW j;Mj;aj
� �

denotes the objective

function value after the j-th iteration. According to Algorithm2, parameter fW is updated byfW jþ1 ¼ argmineW f fW j;Mj;aj
� �

with Mj and aj fixed, thus we have:
f fW jþ1;Mj;aj
� �

6 f fW j;Mj;aj
� �

: ð32Þ
In the same way, fixing fW and aj, parameterM can be updated by Mjþ1 ¼ argminMf fW jþ1;Mj;aj
� �

. Therefore, we directly

get:
f fW jþ1;Mjþ1;aj
� �

6 f fW jþ1;Mj;aj
� �

: ð33Þ
As for the updating of a, we have ajþ1 ¼ argminaf fW jþ1;Mjþ1;aj
� �

with fW jþ1 and Mjþ1 fixed. Similarly, we have:
f fW jþ1;Mjþ1;ajþ1
� �

6 f fW jþ1;Mjþ1;aj
� �

: ð34Þ
Following the above three inequalities, we finally infer that:
f fW jþ1;Mjþ1;ajþ1
� �

6 f fW j;Mj;aj
� �

: ð35Þ
Based on the above analyses, we can draw the conclusion that the objective function of RMAR is monotonously decreased
until convergence.
4. Extending RMAR for feature selection

In this section, the RMARmethod is extended to feature selection. We will show the differences in model formulation and
optimization strategy separately from the previous section.

4.1. Feature selection formulation

As an important technique in machine learning, feature selection aims to obtain a low-dimensional feature representation
of data by removing irrelevant dimensions from the original feature space [42,43]. In multi-view scenario, we desire to select
m informative features from the heterogeneous feature representations for subsequent learning. Straightforwardly, we need

a feature indicator matrix J 2 0;1f gd�m to find the sub-matrix of X, i.e., JTX 2 Rm�n. Obviously, the L2;0-norm constraint on J
(i.e., Jk k2;0 ¼ m) is the desirable choice for feature selection. However, the non-convex and non-smooth L2;0-norm problem is
proven to be NP-hard [37], which is difficult to directly solve.

In the linear regression-based model, each row of feature projection can likewise measure the importance of its corre-
sponding feature. Accordingly, if the feature projection is sparse in rows, feature selection can be tactfully achieved via
selecting the features associated with the non-zero rows of feature projection. Alternatively, we turn to utilize the row-
sparse feature projection rather than the feature indicator J to perform feature selection. To guarantee the row sparsity of
feature projection and the solvability of the optimization problem, the L2;0-norm constraint is further relaxed to its convex

surrogate, the L2;1-norm, which can yield the approximately same results under practical conditions[29]. Formally, Wvk k2F in
Eq. (14) will be replaced with Wvk k2;1 for feature selection, thereby extending RMAR as follows:
min
Wv ;av ;M

k
XV
v¼1

avXT
vWv � Tk2;1 þ k Wk k2;1

s:t: av P 0;1Ta ¼ 1; M P 0;

ð36Þ
where W ¼ W1; . . . ;WV½ �T denotes the joint feature projection across V views, and Wk k2;1 ¼PV
i¼v Wvk k2;1. Note that the

extended multi-view feature selection method (i.e., RMARFS) in Eq. (36) employs the joint L2;1-norm minimization on both
regression loss and feature projection, in which the former is robust to noise and outliers, and the latter is performed to
select features across all V views. It seems that solving this joint L2;1-norm minimization problem is very difficult as both
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of the terms are non-smooth. Based on the algorithm of multi-view learning in the previous section, we will develop an effi-
cient iterative optimization strategy to solve this problem in the next subsection.

4.2. Optimization procedure

In RMARFS, M;a and Wv are alternatively solved. When Wv is fixed, the optimization problems of M and a are equivalent
to its counterpart in RMAR, i.e., Eq. (19) and Eq. (22). Here, we mainly describe the optimization of Wv .

� Fix M and a, and optimize Wv : Similar to Eq. (15), the weight factor av can be merged into the associated feature pro-

jection Wv as avWv ¼ fW v , thus Eq. (36) is equivalent to:
mineW 1
k

XTfW � T
��� ���

2;1
þ A�1

2fW��� ���
2;1
; ð37Þ
where the joint weighted feature projection fW ¼ A
1
2W . Eq. (37) can be equivalently transformed into the following con-

strained problem:
mineW ;G

Gk k2;1 þ A�1
2fW��� ���

2;1
; s:t: XTfW þ kG ¼ T; ð38Þ
which is reformulated as:
mineW ;G

A�1
2fW

G

" #�����
�����
2;1

; s:t: XTA
1
2 kIn

h i A�1
2fW

G

" #
¼ T : ð39Þ
Let B ¼ XTA
1
2 kIn

h i
2 Rn�m and U ¼ A�1

2fW
G

� 	
2 Rm�c , where m ¼ nþ d. Finally, Eq. (39) can be rewritten as:
min
U

Uk k2;1; s:t: BU ¼ T: ð40Þ
Eq. (40) is convex and has a global minimum, which can be solved in a simple and efficient way. Specifically, the Lagran-
gian function of Eq. (40) is:
L Uð Þ ¼ Uk k2;1 � Tr KT
2 BU � Tð Þ� �

; ð41Þ
where K2 is the Lagrange multiplier. Taking the derivative of L Uð Þ w.r.t. U and setting it to be zero, we can derive that:
@L Uð Þ
@U ¼ 2D�1U � BTK2 ¼ 0 ) BD 2D�1U � BTK2

� �
¼ 0

) 2T � BDBTK2 ¼ 0 ) K2 ¼ 2 BDBT
� ��1

T

) U ¼ DBT BDBT
� ��1

T :

ð42Þ
where D 2 Rm�m is a diagonal matrix with the i-th diagonal element Dii ¼ 2 ui
�� ��

2. Here, ui is the i-th row of matrix U. Obvi-

ously, ui
�� ��

2 can be zero theoretically, making Eq. (41) non-differentiable. To avoid this case, we regularize Dii as

Dii ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uið ÞTui þ �

q
, where � is a very small constant.

Note that D is also unknown and depends on U that needs to be solved. Therefore, we propose to alternatively update U
and D in each iteration. Denoting the solution in the j-th iteration is U j, thus in the next iteration:
Dj
ii ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ui
j

� �T
ui
j þ �

r
; i ¼ 1; � � � ;m; ð43Þ
and
U jþ1 ¼ DjBT BDjBT
� ��1

T ; ð44Þ
where ui
j is the i-th row of matrix U j, and Dj

ii is the i-th diagonal element of diagonal matrix Dj.
Since Eq. (40) is a convex problem, thus the solved U satisfying Eq. (42) will be a globally optimal solution. Accordingly,

we can obtain the joint weighted projection fW via left multiplying the first d rows of U by A
1
2. In this way, the minimization

problem in Eq. (37) w.r.t. fW is solved. Then, we use k ewik2 to evaluate the importance of the i-th feature and select the most

important k features according to k ewik2

 �d

i¼1, where ewi is the i-th row of fW . We summarize the whole optimization proce-
dures of RMARFS in Algorithm3.
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Algorithm3: The algorithm of RMARFS.

Input: The multi-view data X, the label matrix Y , the parameter k and the number of selected features k.
1: Initialize M ¼ 0 and av ¼ 1

V v ¼ 1; � � � ;Vð Þ.
2:repeat
3: Update M by using Eq. (21);
4: Initialize D as an identity matrix;
5: repeat
6: With current D, update U by using Eq. (44);
7: With current U, update D by using Eq. (43);
8: until Convergence

9: Update fW via the optimal solution of U;
10: Update a Algorithm1;
11: until the objective function of Eq. (36) converges

Output: Calculate k ewik2

 �d

i¼1 and select the top r features.
4.3. Convergence analysis

In Algorithm3, M;a and fW are alternatively solved. When fW is fixed, the optimization problems of M and a are equiv-
alent to its counterpart in RMAR. Thus, we directly have:
g fW j;Mjþ1;ajþ1
� �

6 g fW j;Mj;aj
� �

; ð45Þ
where g fW j;Mj;aj
� �

denotes the objective function value after the j-th iteration. When M and a are fixed, solving fW can be

transformed into the constrained optimization problem of U, whose solution in Eq. (44) essentially accounts for the follow-
ing problem:
min
U

Tr UTDU
� �

s:t: BU ¼ T; ð46Þ
thus we can infer that:
U jþ1 ¼ argUmin
BU¼T

Tr UTDjU
� �

) Tr UT
jþ1D

jUjþ1

� �
6 Tr UT

j D
jU j

� �
)
Xm
i¼1

kui
jþ1

k22
2kui

j
k2

6
Xm
i¼1

kui
j
k22

2kui
j
k2
;

ð47Þ
where vectors ui
j and ui

jþ1 denote the i-th row of matrices U j and U jþ1, respectively. According to the inequalityffiffiffi
x

p � x
2
ffiffi
y

p 6 ffiffiffi
y

p � y
2
ffiffi
y

p in [29], we have:
Xm
i¼1

kui
jþ1k2 �

kui
jþ1k22

2kui
jk2

 !
6
Xm
i¼1

kui
jk2 �

kui
jk22

2kui
jk2

 !
: ð48Þ
Combining Eq. (47) and Eq. (48), we have
Pm

i¼1kui
jþ1k2 6

Pm
i¼1kui

jk2, i.e.,

kUjþ1k2;1 6 kU jk2;1; ð49Þ
which indicates that the optimization procedures of U (or fW ) will converge to a global minimum. Based on Eq. (45), we
finally have:
g fW jþ1;Mjþ1;ajþ1
� �

6 g fW j;Mj;aj
� �

: ð50Þ
Considering that g fW ;M;a
� �

has a lower bound (at least above 0), we conclude that Algorithm3 will monotonically

decrease the objective function value of RMARFS in each iteration until convergence.

5. Experiments

In this section, experiments are conducted to evaluate the effectiveness and the superiority of the proposed multi-view
learning framework, which are divided into two parts. The first verification experiment is performed on the Waveform data-
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set which demonstrates the robustness of our model against noisy views and features, and the second one is performed on
real multi-view datasets to validate the effectiveness and efficiency for classification and feature selection toward multi-
view data.

5.1. Experiment on waveform dataset

To demonstrate the robustness of RMAR, we conduct experiments on the Waveform dataset,1 which contains 5;000 sam-
ples with 3 classes (about 33% for each class). Each sample has 40 attribute features, in which the first 21 attributes are normal
features (can be used as the first view, i.e., view#1), and the last 19 attributes are all noise (can be used as the second view, i.e.,
view#2). Obviously, the noisy features in view#2 would hamper the multi-view learning, and an ideal multi-view model should
assign appropriate weight to each view.

In the experiment, we first evaluate the ability of different multi-view models for reducing the negative effect of noisy
views, such that RMAR will be compared with three state-of-the-art regression-based multi-view methods, i.e., AWDR
[10], MVAR [9] as well as joint consensus and diversity (JCD) [18], in which MVAR and JCD are originally designed for the
semi-supervised multi-view classification. For a fair comparison, MVAR and JCD use the same labeled training samples with
the supervised methods (i.e., RMAR and AWDR) in the training stage. For all methods, the learned feature projection matrices
and bias vectors can project data to the low-dimensional projection subspaces, whose effectiveness for classification could
be evaluated with the k-NN classifier. In JCD and MVAR, there are one regularization parameter and one exponential param-
eter that controls the view-wise weight distribution. For AWDR and the proposed RMAR, there is only one regularization
parameter to be determined. To ensure unbiased experimental results, we apply the 5-fold cross-validation to search the
optimal parameter. Specifically, the regularization parameter is tuned from the range of {10�3;10�2, . . ., 103}, the weight-
related exponential parameter in JCD and MVAR is tuned in the range of {1.1, 1.3, 1.5, 1.7, 1.9, 2}, and the range of k in
the k-NN classifier is {1, 3, 5, 7, 9}. All methods are independently run 100 times on different training and testing sets, in
which each training set includes 100 samples for each class. Accordingly, Fig. 3(a) records the average weight ratio (i.e.,
a2=a1) results of all methods after each iteration. As depicted in Fig. 3(a), the weight of view#2 (i.e., a2) learned by the other
multi-view methods is not approximately equal to zero. Contrary to this, our proposed RMAR can assign the adaptive weight
to each view, i.e., a larger weight for view#1 and a much less weight for view#2. With the adaptively learned weights, the
quality diversity of different views is taken into consideration such that the impact of low-quality views can be effectively
removed. Meanwhile, the classification accuracies of RMAR and other methods on Waveform are depicted in Fig. 3(b),
demonstrating that the performance of RMAR is robust against the existence of noisy views.

To further evaluate the effectiveness of RMAR for feature selection, RMARFS and other multi-view feature selection meth-
ods, i.e., multi-view regularized feature selection (MRFS) [31], multi-view adaptive feature selection (MAFS) [32], ASVW [34],
WMFS [35] as well as MSFS [36], are also performed on Waveform dataset. We add noisy features to the above two views of
Waveform gradually and evenly, in which the noisy features are independent and identically distributed from N 0;1ð Þ. All
methods are first run to select the top 5 selected features, then the selected features are used to train the k-NN classifier.
The accuracy variation curves of RMARFS and other methods against the increase of noisy features are illustrated in Fig. 4.
From Fig. 4, we observe that the accuracy of RMARFS has a slightly reduced trend with increasing noisy features, indicating
that RMARFS not only identifies relevant features but also be more robust against noisy features than other methods. The
experimental results in Fig. 3 and Fig. 4 fully validate the effectiveness the proposed multi-view learning framework for clas-
sification and feature selection.

5.2. Experiments on real multi-view datasets

5.2.1. Dataset description
Towards the evaluation of the proposed multi-view learning method, we employ eight real multi-view datasets. Sources

collects 169 news, which were reported by BBC, Reuters and the Guardian, respectively. All the news are categorized into 6
classes, i.e., business, entertainment, health, politics, sport and technology. Leaves consists of the leaves from 100 plant spe-
cies, in which there are sixteen samples for each class. Each sample has three views, whose features are extracted by a shape
descriptor (SD), fine scale margin (FSM) and texture histogram (TH). MSRC-v1 is an object recognition dataset, including the
categories of tree, building, airplane, cow, face, car and bicycle. Handwritten (HW) is a digit dataset composed of 2000 sam-
ples that describe the digits from 0 to 9. Each sample is represented by six public features. Scene is an outdoor scene recog-
nition dataset, which consists of 2688 images from 8 classes including forest, mountain, street, highways, open country,
inside city, coast and tall buildings. Flower is obtained from the University of Oxford, which contains 17 classes of flower
species with each class having 80 images. Caltech101 is an object recognition dataset consisting of 8677 images from 101
classes. Following [10], we select 7 frequently-used classes with 1474 images to form a subset of Caltech101, called Cal-7.
In addition, a larger subset of Caltech101 named Cal-20 is also used, which has a total of 2386 images with 20 classes.
The detailed information about the datasets including the numbers of classes, sizes and views, and the dimensions of fea-
tures in respective views are summarized in Table 2.
1 https://archive.ics.uci.edu/ml/machine-learning-databases/waveform/.
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Fig. 3. The experimental results on Waveform, in which (a) shows the ratio of view weights a2=a1 w.r.t. the number of iterations, and (b) shows the
classification accuracy.

Fig. 4. Accuracies of different methods with the increase of noisy features on Waveform.

Table 2
The detailed description of the utilized multi-view datasets.

View # Sources Leaves MSRC-v1 HW Scene Flower Cal-7 Cal-20

1 BBC(3068) SD(64) CENTRIST(1302) PIX(240) GIST(512) GIST(512) Gabor(48) Gabor(48)
2 Reuters(3631) TH(64) CMT(48) FOU(76) HOG(432) HOG(630) WM(40) WM(40)
3 Guardian(3560) FSM(64) GIST(512) FAC(216) LBP(256) LBP(1239) CENTRIST(254) CENTRIST(254)
4 - - HOG(100) ZER(47) GABOR(48) Color(630) HOG(1984) HOG(1984)
5 - - LBP(256) KAR(64) - - GIST(512) GIST(512)
6 - - SIFT(200) MOR(6) - - LBP(928) LBP(928)

Total 10,259 192 2418 649 1248 3011 3766 3766
Size 169 1600 210 2000 2688 1360 1474 2386
Class 6 100 7 10 8 17 7 20
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5.2.2. Classification result comparisons
In this subsection, we compare RMAR with the state-of-the-art competitors on real multi-view datasets. Then ablation

experiments are conducted to analyze the influence of components in RMAR. Lastly, the parameter sensitivity, the conver-
gence as well as the comparison of computational time are demonstrated.

Firstly, we will compare our RMARmethod with different classification methods, including the classical single-viewmod-
els, i.e., LSR and DLSR, and four state-of-the-art multi-view regression-based methods, i.e., JCD, MVAR, MCCD and AWDR.
Besides, another recently proposed multi-view classification method, Fisher-HSIC Multi-View Metric Learning (FISH-MML)
[22], is also compared to RMAR. MCCD and FISH-MML have two regularization parameters that are searched from
{10�3;10�2, . . ., 103}. Using the same experiment settings as in Section 5.1, all methods are independently run 20 times with
the optimal parameters to make the comparison fair.

Table 3 shows the average classification accuracy as well as the corresponding standard deviation on eight multi-view
datasets. Totally speaking, RMAR achieves competitive or significantly better performance than the single-view and
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Table 3
The classification accuracy (mean � std in%) of all the compared methods on the real multi-view datasets. The best results are in bold, and mark * denotes that
the result is not significantly worse than the best according to the paired t-test with a 95% confidence level.

Methods Sources Leaves MSRC-v1 HW Scene Flower Cal-7 Cal-20

k-NN [44] 56.82 ± 2.77 96.99 ± 0.30 92.07 ± 1.22 98.25 ± 0.11 54.10 ± 0.35 60.81 ± 0.92 97.55 ± 0.15 91.40 ± 0.12
LSR[17] 77.58 ± 2.04 92.45 ± 0.39 97.56 ± 0.49 97.58 ± 0.14 51.28 ± 0.38 56.75 ± 0.59 98.38 ± 0.10 93.25 ± 0.29

DLSR [37] 78.03 ± 1.74 97.35 ± 0.27 98.17 ± 0.24* 98.12 ± 0.19 57.56 ± 0.42 70.45 ± 0.98 98.32 ± 0.14 93.98 ± 0.16
JCD [18] 78.91 ± 2.24 95.34 ± 0.34 97.93 ± 0.92 98.14 ± 0.14 53.33 ± 0.39 74.15 ± 0.76 97.99 ± 0.16 94.21 ± 0.15
MVAR [9] 87.88 ± 1.71* 94.56 ± 0.82 95.98 ± 0.83 97.51 ± 0.14 58.48 ± 0.43 68.76 ± 0.54 97.43 ± 0.22 94.23 ± 0.27
AWDR [10] 86.97 ± 1.05 97.08 ± 0.17 97.56 ± 0.40 98.20 ± 0.10 57.31 ± 0.33 76.90 ± 0.41 98.11 ± 0.12 94.54 ± 0.31*

FISH-MML[22] 82.06 ± 2.03 97.49 ± 0.19 97.85 ± 0.57 98.14 ± 0.10 55.97 ± 0.69 70.69 ± 0.31 97.72 ± 0.16 94.22 ± 0.12
MCCD [21] 80.36 ± 2.21 97.43 ± 0.10 98.24 ± 0.56* 97.59 ± 0.09 57.56 ± 0.20 71.37 ± 1.09 97.97 ± 0.18 94.09 ± 0.28

RMAR 89.93 ± 1.51 98.99 ± 0.14 98.63 ± 0.54 98.52 ± 0.13 60.92 ± 0.25 78.25 ± 0.34 98.66 ± 0.11 94.87 ± 0.15
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multi-view competitors, fully demonstrating its powerful capacity in multi-view classification and superiority against the
state-of-the-arts. Specifically, the single-viewmethods are inferior to the multi-viewmethods in most occasions, which indi-
cates that the indiscriminately concatenating features from different views is inapplicable to multi-view data in practice,
since the features collected from different views are distinct. In contrast, RMAR can discriminate different views via the
self-supervised weighting manner and fuse multiple views to learn a joint weighted feature projection subspace that com-
patibly crosses all views such that the consistency and diversity among views are well preserved and exploited. Compared
with MCCD and FISH-MML that discards the weights for distinguishing different views, RMAR adaptively assigns appropriate
weights to different views, thus the excellent views are emphasized while the low-quality views are largely weakened, facil-
itating better representation and fusion of multi-view data. Additionally, the L2;1-norm loss has stronger robustness, making
our RMAR perform stably in most cases. Compared with JCD and MVAR that involve an exponential parameter to control the
distribution of view-wise weights, RAMC likewise gains outstanding performance without weight-related parameters, man-
ifesting the application of the proposed multi-view framework.

Ablation study: To quantitatively analyze the significance of components in our proposed RMAR in Eq. (14), the ablation
experiments are conducted on the aforementioned multi-view datasets, which consist of two parts. First, to verify that our
self-supervised weighting strategy is effective for multi-view data, we remove the procedures of optimizing the view-wise
weights and set av v ¼ 1; � � � ;Vð Þ as 1=V , thus get a simplified version of RMAR (named RMAR1) that equally treats different
views. Besides the weight learning, how much the non-negative e-dragging variable M influences RMAR is also an issue
worth studying. So, we remove the e-dragging variable from Y þ Y �M and directly use the label Y as the regression target,
thus getting another variant of RMAR (named RMAR2). As shown in Fig. 5, if different views are treated equally, the negative
effects of the low-quality views are unable to be reduced and RMAR consistently outperforms its variant RMAR1, demon-
strating that our weight learning strategy considers the quality diversity of different views and assigns appropriate weights
to them. Meanwhile, the classification accuracies of RMAR2 are considerably inferior to those of RMAR. This indicates that the
e-dragging variable is indeed helpful to multi-view classification. By introducing the non-negative e-dragging variable, the
incorrect penalization on the samples far away from the boundary could be prevented, thus enhancing the discrimination of
learned projection subspace. Hence, it is necessary to add both two components into RMAR to achieve a more effective and
robust multi-view learning framework.

Parameters Sensitivity: To study the impact of regularization parameter k on the performance of RMAR, we vary the

value of k from the range of 10�3;10�2; . . . ;103
n o

and run RMAR 20 times on random training and testing partitions of data

to obtain the average classification accuracy. The detailed results on eight multi-view datasets are displayed in Fig. 6. As
Fig. 5. Classification accuracies of RMAR, RMAR1 and RMAR2 on all multi-view datasets.
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shown in Fig. 6, the optimal k is data-dependent, whereas the accuracies on different datasets always appear similar varia-
tion trends, i.e., ascending initially and descending with the increase in k in most cases. As a result, we suggest tuning k in the
range of 0:1;10½ � for better performance.

Convergence Analysis and Time Comparison: To verify the convergence of Algorithm2, Fig. 7 illustrates the variation
curves of the objective function values in Eq. (14) with the number of iterations when the regularization parameter k is
set to 1. As seen from Fig. 7, the objective function rapidly decreases at the first few iterations and converges to a fixed value
within about 15 iterations for all datasets. The fast convergence speed guarantees the optimization efficiency of RMAR.

Now we consider the computational time of our proposed method, whose main computational steps are to calculatefW ;M and a iteratively. Since updating fW involves the inverse of a square matrix, which needs O nd2
� �

if d < n, and
Fig. 6. Sensitivity analysis on the regularization parameter k.

Fig. 7. Convergence Analysis of RMAR on all datasets.
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O dn2
� �

otherwise. So, it takes the computational complexity of O nd 	 min n; dð Þð Þ to calculate fW in each iteration. For the

optimization of a in solving Eq. (22) by Algorithm1, it usually takes O V2nc
� �

and O ndcð Þ respectively to compute PTP

and E in each iteration, which can be neglectable since c and V are always less than d and n in practice. Besides, the com-
putation of M in Eq. (21) takes O ndcð Þ. Therefore, the main computational complexity of RMAR is O Tnd 	 min n; dð Þð Þ, where
T is the number of iterations in Algorithm2. Table 4 records the average training time of our proposed RMAR and other com-
pared methods on the eight multi-view datasets. All the methods are implemented in Matlab and run on a PC with 3.50 GHz
CPU and 16 GB RAM. From Table 4, we observe that the single-view methods that lack multi-view fusion show better time
performance, despite the worse classification performance. It is highlighted that JCD and MVAR involve an extra weight-
related parameter that needs to be manually tuned in a wide range. In this circumstance, RMAR achieves a promising train-
ing speed in comparison with other multi-view methods, exhibiting its efficiency and practicability in multi-view learning.

5.2.3. Feature selection result comparisons
In this subsection, we evaluated our method of RMAR for feature selection (i.e., RMARFS) on the eight multi-view datasets

described in Table 2. To comprehensively verify the effectiveness and superiority of RMARFS, we first compare RMARFS with
some single-view feature selection methods, including the minimum redundancy maximum relevance minimum (mRMR)
[45], feature selection with trace ratio criterion (TRC) [46], robust feature selection (RFS) [29] as well as RLSR [30]. The mRMR
and TRC are typical methods, and RFS and RLSR are linear regression-based methods. As these feature selection methods are
originally designed for single-view data, we also compare our RMARFS with five state-of-the-art multi-viewmethods, includ-
ing MRFS [31], MAFS [32], ASVW [34], WMFS [35] as well as MSFS [36].

For a fair comparison, we set the parameters of all competitors as their defaults or best options. Our RMARFS has a reg-
ularization parameter k, which is tuned from {10�3;10�2, . . ., 103}. To test the effectiveness of selected features, we employ
Table 4
Training CPU time (in seconds) of different methods.

Methods Single-view Methods Multi-view Methods

Dataset k-NN [44] LSR[17] DLSR [37] JCD [18] MVAR [9] AWDR [10] FISH-MML [22] MCCD [21] RMAR

Sources 0.030 0.017 0.036 0.037 0.233 7.321 905.4622 4.039 4.783
Leaves 0.016 0.005 0.145 0.325 0.810 0.193 9.413 1.501 0.117

MSRC-v1 0.011 0.006 0.014 0.113 0.142 0.405 4.130 0.273 0.355
HW 0.063 0.020 0.478 0.332 2.905 0.666 50.231 6.582 0.492
Scene 0.229 0.061 1.507 0.853 7.121 0.947 63.097 9.387 1.874
Flower 0.175 0.068 0.453 1.429 4.471 9.638 27.441 3.068 2.645
Cal-7 0.847 0.087 0.194 1.581 5.703 3.150 67.060 6.460 4.103
Cal-20 0.573 0.189 1.133 3.254 13.208 18.783 153.946 18.073 7.420

Fig. 8. The classification accuracy of RMARFS and the single-view feature selection methods with different proportions of selected features.

932



B. Jiang, J. Xiang, X. Wu et al. Information Sciences 610 (2022) 916–937
the classification accuracy obtained by classifier with the selected features as the evaluation metric in the experiments.
Using the same experiment settings as in Section 5.1, each feature selection method is first applied on the training samples
to select the optimal feature subset, then the linear Support Vector Machine classifier (SVM) [47] is used to train correspond-
ing classifiers based on the selected features and assess the performance of all methods.

Comparisons with Single-view Feature Selection Methods. To evaluate the quality of selected features, RMARFS is first
compared with several single-view methods (i.e., RFS, RLSR, TRC and mRMR) on the eight multi-view datasets. The classifi-
cation accuracy with different proportions of selected features by using 5-fold cross-validation is shown in Fig. 8. From Fig. 8,
we can observe that the performance of RMARFS increases gradually with the increasing number of selected features and sur-
passes the single-view competitors. Considering that the feature representations of different views are distinct, RMARFS takes
full advantage of informative knowledge of different views by assigning appropriate weights to them. Meanwhile, there are
no significant differences among single-view methods in most occasions, demonstrating that these single-view methods are
difficult to effectively measure the importance of heterogeneous features and it is inappropriate to indiscriminately concate-
nate features in multiple views for feature selection. Consequently, RMARFS is more effective in identifying discriminative
Table 5
The classification accuracy (mean ± std in%) of all multi-view feature selection methods with the top 10%, 20%, 30% and 40% selected features. The best results
are in bold, and * denotes the paired t-test results at the 95% confidence level.

Methods

Datasets Accuracy of using top 10% selected features

MSFS [36] MAFS [32] WMFS [35] MRFS [31] ASVW[34] RMARFS

Sources 77.21 ± 3.82 79.03 ± 1.85 79.03 ± 1.85 79.13 ± 1.58 60.12 ± 2.31 87.64 ± 1.01
Leaves 66.36 ± 2.98 69.19 ± 2.59 74.18 ± 0.65 64.72 ± 0.46 57.08 ± 3.74 77.76 ± 0.41

MSRC-v1 94.43 ± 1.12 96.88 ± 0.44 97.66 ± 0.64 98.12 ± 0.55* 93.90 ± 1.12 98.34 ± 0.56
HW 95.83 ± 0.18 97.75 ± 0.10* 97.68 ± 0.17* 97.63 ± 0.08 95.30 ± 0.30 97.86 ± 0.18
Scene 55.77 ± 0.59 55.82 ± 0.22 57.45 ± 0.36 57.87 ± 0.77 53.12 ± 0.18 59.16 ± 0.10
Flower 67.27 ± 1.11 72.53 ± 0.89 73.39 ± 0.98 71.60 ± 0.75 64.44 ± 2.36 73.19 ± 1.08*
Cal-7 98.21 ± 0.27* 98.61 ± 0.35 98.11 ± 0.39* 98.12 ± 0.15 96.54 ± 0.32 98.20 ± 0.32*
Cal-20 92.91 ± 0.31 94.15 ± 0.13 93.15 ± 0.23 93.65 ± 0.29 91.58 ± 0.57 93.08 ± 0.34

Methods

Datasets Accuracy of using top 20% selected features

MSFS [36] MAFS [32] WMFS [35] MRFS [31] ASVW[34] RMARFS

Sources 81.69 ± 3.57 78.18 ± 1.77 78.38 ± 1.42 78.54 ± 1.32 69.33 ± 2.07 88.12 ± 0.92
Leaves 87.51 ± 0.65 81.38 ± 1.25 88.78 ± 1.87* 83.27 ± 1.61 76.48 ± 1.43 89.35 ± 0.21

MSRC-v1 96.48 ± 1.06 98.15 ± 0.72* 98.15 ± 0.72* 98.15 ± 0.48* 96.78 ± 0.74 98.53 ± 0.34
HW 96.46 ± 0.43 98.00 ± 0.07* 97.99 ± 0.09* 97.78 ± 0.16 96.15 ± 0.25 98.11 ± 0.11
Scene 56.81 ± 0.47 57.04 ± 0.35 58.00 ± 0.54 58.48 ± 0.32 54.99 ± 0.54 59.73 ± 0.27
Flower 73.25 ± 0.75 75.84 ± 0.31* 76.18 ± 0.70* 75.79 ± 0.20 72.97 ± 0.63 76.25 ± 0.43
Cal-7 98.50 ± 0.30* 98.76 ± 0.21* 98.79 ± 0.13 98.54 ± 0.11 97.69 ± 0.15 98.72 ± 0.11*
Cal-20 93.97 ± 0.10 94.41 ± 0.12 95.06 ± 0.24 94.88 ± 0.13 92.91 ± 0.38 94.88 ± 0.19*

Methods

Datasets Accuracy of using top 30% selected features

MSFS [36] MAFS [32] WMFS [35] MRFS [31] ASVW[34] RMARFS

Sources 82.90 ± 2.16 77.82 ± 1.40 78.32 ± 1.95 78.06 ± 2.15 73.21 ± 2.07 87.40 ± 1.63
Leaves 93.71 ± 0.69 89.76 ± 0.27 93.23 ± 0.76* 91.28 ± 0.32 89.94 ± 1.48 92.84 ± 0.52

MSRC-v1 97.26 ± 1.12 98.05 ± 0.69* 97.95 ± 0.44* 97.85 ± 0.65* 96.46 ± 0.41 98.44 ± 0.41
HW 97.02 ± 0.24 97.91 ± 0.03* 97.92 ± 0.24* 97.59 ± 0.22 96.56 ± 0.18 97.95 ± 0.10
Scene 57.48 ± 0.50 58.13 ± 0.71 58.31 ± 0.51 59.00 ± 0.46* 56.83 ± 0.34 59.66 ± 0.39
Flower 75.27 ± 0.73 76.53 ± 0.39 76.46 ± 0.59 76.04 ± 0.72 75.63 ± 0.32 77.54 ± 0.88
Cal-7 98.69 ± 0.19 98.86 ± 0.20* 98.68 ± 0.24 98.53 ± 0.14 97.93 ± 0.06 98.91 ± 0.11
Cal-20 95.36 ± 0.25* 95.59 ± 0.28 95.45 ± 0.38* 95.10 ± 0.10 93.52 ± 0.22 95.51 ± 0.12*

Methods

Datasets Accuracy of using top 40% selected features

MSFS [36] MAFS [32] WMFS [35] MRFS [31] ASVW [34] RMARFS

Sources 81.81 ± 1.77* 77.82 ± 2.04 77.94 ± 2.17 77.33 ± 2.03 75.15 ± 2.31 81.82 ± 1.19
Leaves 95.59 ± 0.54 91.99 ± 0.60 94.91 ± 0.14 94.68 ± 0.35 92.20 ± 1.19 95.08 ± 0.25*

MSRC-v1 97.56 ± 0.98 98.05 ± 0.34* 98.15 ± 0.22* 97.95 ± 0.63 96.85 ± 0.27 98.34 ± 0.25
HW 97.35 ± 0.07 98.03 ± 0.09 98.04 ± 0.09 97.76 ± 0.09 96.67 ± 0.23 98.25 ± 0.11
Scene 58.01 ± 0.11 58.20 ± 0.54 58.31 ± 0.45 59.56 ± 0.45* 57.88 ± 0.42 59.58 ± 0.26
Flower 76.22 ± 0.75 77.06 ± 0.88* 76.69 ± 0.78 76.78 ± 0.58 76.31 ± 0.95 77.61 ± 0.68
Cal-7 98.68 ± 0.17 98.84 ± 0.14* 98.78 ± 0.18 98.65 ± 0.21 98.12 ± 0.10 98.97 ± 0.06
Cal-20 95.50 ± 0.29 95.77 ± 0.28* 95.67 ± 0.18 95.49 ± 0.17 93.66 ± 0.21 95.89 ± 0.16
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features than the single-view methods that directly concatenate multi-view features for feature selection, since it can dis-
criminate different views using adaptive view weights and coalesce multiple views to learn a joint weighted feature projec-
tion across all views.

Comparisons with Multi-view Feature Selection Methods. To further validate the effectiveness of RMARFS, we compare
the performance of RMARFS and five state-of-the-art multi-view feature selection methods (i.e., MSFS, MAFS, ASVW, WMFS
and MRFS). Table 5 reports the average as well as the standard deviation of classification accuracy achieved by the linear
SVM classifier with 5-fold cross-validation, and the best results are highlighted. From these results, we observe that: firstly,
in terms of classification accuracy, the features selected by RMARFS are comparable or significantly better than those of other
competitors on most occasions, showing its superiority in selecting discriminative dimensions from heterogeneous feature
representations; secondly, since MSFS and WMFS directly concatenate multiple views for feature selection, demonstrating
the significance of learning a joint weighted feature projection for multi-views feature selection by comparing the results
of RMARFS with them; thirdly, ASVW is often inferior to other competitors since it can not use the label information in
the training stage, which affects the effectiveness of selected features; fourthly, RMARFS gains fairly stable and more promis-
ing performance than most of the competitors with the increasing number of selected features, showing the discrimination
of features selected by RMARFS.

Ablation study: For multi-view feature selection, we also conduct ablation experiments to analyze the influence of com-
ponents in the proposed RMARFS. Using the same settings as in Section 5.2.2, we analyze the influence of the weight learning
strategy and e-dragging variable on multi-view feature selection. As shown in Fig. 9, the complete version of RMARFS always
outperforms its two variants in the feature selection task. The results also demonstrate that if different views are equally
treated (e.g., RMARFS1), feature selection will be inevitably affected by the poor views, making the selected features unreli-
able consequently. Meanwhile, using the label Y as regression target instead of Y þ Y �M, the performance of RMARFS2 is
degraded a lot. The reason is that the introduced e-dragging variable not only avoids the incorrect penalization but also facil-
itates identifying discriminative features by enlarging the distance between different classes in the projected subspace.

Parameters Sensitivity: In RMARFS, the regularization parameter k are used to control the row sparsity of the joint feature
projection W , and its value has an impact on final performance. Varying the values of k and the number of selected features,
the experimental results are shown in Fig. 10. From the figures we can observe that the optimal k is data-dependent. Specif-
ically, the performance of RMARFS ascends initially and descends with the increase in kwhen the number of selected features
is small. As we selected more features, RMARFS is not very sensitive to k, demonstrating that the important features has be
selected. In summary, RMARFS achieves a satisfactory result with k 2 0:01;10½ � on the eight multi-view datasets. In real appli-
cations, we suggest using a grid search to select the proper k for promising results.

Convergence Analysis and Time Comparison: In this part, we first study the convergence speed of RMARFS. The objective
function values of model Eq. (36) on all datasets are shown in Fig. 11. From the figures, it is clear that the objective function
of RMARFS declines sharply in initial few iterations and converges steadily after five iterations. The fast convergence speed
ensures the efficiency of RMARFS.

Now we analyze the computational complexity of RMARFS, which involves the steps of solving fW ;M and a in Algorithm3.

The computational complexities w.r.t. M and a have been analyzed in Section 5.2.2, and they are O V2nc þ ndc
� �

and O ndcð Þ,
Fig. 9. The ablation experiments for multi-view feature selection.

934



Fig. 10. The performance of RMARFS with different k and numbers of selected features.

Fig. 11. Convergence curves of objective function values.
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respectively. For the optimization of fW in solving Eq. (40), it usually takes O n3 þ n2d
� �

to compute U in each iteration. Thus,
the total computational complexity of RMARFS is upper bounded by O T1n3 þ T1n2d

� �
, where T1 is the number of iterations in

Algorithm3. Table 6 presents the average training time of all the compared methods on the multi-view datasets. From these
results, we observe that the typical single-view feature selection methods (i.e., mRMR and TRC) take less time than RMARFS.
Compared with the single-view methods (i.e., RFS and RLSR), RMARFS shows the comparable or significantly better time per-
formance on most of the datasets, demonstrating that directly concatenating heterogeneous features might degrade the effi-
ciency of feature selection. In comparison with the state-of-the-art multi-view methods, RMARFS can not only avoid extra
parameters but also maintain a promising efficiency on various scaled datasets (e.g., the high-dimensional Sources dataset
which includes 10,259 dimensions).
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Table 6
Training CPU time (in seconds) of different feature selection methods.

Methods Single-view Methods Multi-view Methods

Datasets RFS [29] RLSR [30] TRC [46] mRMR [45] MSFS [36] MAFS [32] WMFS [35] MRFS [31] ASVW [34] RMARFS

Sources 0.492 1725.928 2.340 0.678 98.152 199.953 187.133 48.630 253.709 10.475
Leaves 3.216 19.470 0.072 0.058 0.599 1.669 0.952 0.280 1.174 1.947

MSRC-v1 0.276 26.403 0.217 0.210 8.103 4.784 5.117 1.982 4.309 1.868
HW 9.048 1.296 0.174 0.131 2.700 4.422 1.967 0.921 2.514 2.072
Scene 23.481 3.599 0.451 0.377 8.302 9.277 4.491 1.844 10.121 8.696
Flower 6.525 31.247 0.840 0.508 11.338 4.699 6.102 3.860 12.645 8.426
Cal-7 9.305 85.819 1.501 0.697 17.867 11.704 15.657 5.037 19.061 11.655
Cal-20 26.069 75.229 2.276 0.978 21.811 13.194 9.177 6.909 22.910 18.603
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6. Conclusion

In this paper, we present a novel linear regression-based framework, called robust multi-view learning via adaptive
regression (RMAR), which provides an effective and comprehensive multi-view fusion. RMAR proposes a self-supervised
weighting strategy to adaptively assign appropriate view-wise weights based on the quality diversity of different views, thus
actively avoiding the extra parameters determining weights, and alleviating the adverse impact of low-quality views. With
adaptive view-wise weights, RMAR discriminately fuses multiple feature representations and adopts the L2;1-norm con-
straint to obtain a joint feature projection subspace compatible across all views, which well preserves the correlation and
diversity of different views simultaneously and increases the robustness against noise and outliers. Furthermore, we extend
RMAR by imposing the joint L2;1-normminimization on both regression loss and feature projection to address the multi-view
feature selection problem. Moreover, an alternating iterative optimization strategy is developed to solve RMAR and its fea-
ture selection extension, whose convergence is demonstrated experimentally. Extensive experiments have been carried out
to fully verify the effectiveness and superiority of RMAR on both multi-view classification and feature selection tasks.

Although RMAR achieves its objectives, there are several interesting problems that can be investigated in the future. First,
we would like to generalize the l2;1-norm to a more feasible l2;p-norm constraint where p 2 0;1ð Þ [34]. Second, it is possible to
speed up RMAR with different optimization techniques. Additionally, the task of extending RMAR to the semi-supervised
scenario [6,48,49] is also an important direction.
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